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New Class of Optimal Plane Change Maneuvers

B. F. Villac* and D. J. Scheeres'
University of Michigan, Ann Arbor, Michigan 48109-2140

For planetary satellite orbiters (such as the Europa Orbiter Mission) and planet orbiters (such as the Mercury
Messenger Mission), third-body forces can induce large changes in orbital elements over one orbit. As a result,
transfers involving an ellipse cannot be considered without taking these forces into account, and two- and three-
impulse transfers must model these effects at larger distances from the central body. A new use of third-body
perturbations is presented to effect plane changes. It is shown, in particular, that large plane changes can be
obtained by using only two impulsive maneuvers and a proper timing of the first burn. The resulting plane change
maneuvers are shown to be optimal over classical one-impulse maneuvers for large enough inclination change
values, replacing the classical optimality of bielliptic transfers (as compared to one-impulse plane changes) in the
case of environments perturbed by a large, third body. The investigation is performed by solving an optimization
problem with constraints and using the Hill three-body problem to describe the underlying dynamics. Savings on
the order of 25% are obtained when compared to the one-impulse transfers for plane changes of ~60 deg, and
plane changes of 4180 deg are shown to be possible without escaping.

Introduction

LANETARY satellite orbiter missions, such as the Europa Or-

biter Mission, present new challenges to the design of trajecto-
ries, due to the large third-body perturbationsthat exist there. These
disturbing forces represent the combined effect of the gravitational
attractionof a large, perturbing body on the spacecraft, for example,
Jupiterin the case of an Europa orbiter, and the motion of the central
body due to this perturbing, third body.

It has been shown that for most planetary satellites in the solar
system,! these disturbing forces can cause instabilities that result
in the impact of the orbiter on the satellite over relatively short
time spans, even for low-altitude trajectories. In particular, whereas
low-inclination, circular orbits are stable, scientifically interesting
orbits, such as near polar orbits needed for high-latitude mapping
of the satellite, are unstable.! > When a spacecraftis assumed to be
in such an unstable trajectory, large plane change maneuvers may
then be required to transferit into a lower inclination, stable orbit to
avoid impact with the satellite over long time spans. The classical
results for plane change maneuvers,based on the two-body problem,
assume no change in orbital elements during a transfer trajectory,
and thus, are not applicable to these environments. Hence, the costs
of the correspondingmaneuvers predicted by these analyses are not
representative of the physical situation.

As shown in a previous paper,* the effects of the third-body per-
turbations on a transfer trajectory are strongly dependent on the
orbit orientation with respect to the perturbing body, which allows
us to use the longitude of the ascending node 2 and the argument
of periapsis w to control these effects. These variables allow us to
use the third-body perturbations as control forces for the design
of transfer maneuvers, which results in lower costs and new opti-
mal criteria for these maneuvers. Even though these effects hold
for any transfers that involve raising the apoapsis radius, in this
paper we focus on the case of plane change maneuvers. These
transfers can be viewed as classic bielliptic plane changes with
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the apoapsis maneuver suppressed by the use of the third-body
forces and represent the first step in extending the classical result
on plane change maneuvers to the case of third-body perturbed
environments.

The first section introduces the Hill* problem, which is a good
model for the dynamicsof particlesin the environmentof a planetary
satellite (or even a sun—planet system) and present attractive analyt-
ical features that simplify the analysis (symmetries and nondimen-
sional form). The characteristicsof the dynamics close to the central
body and on the transfer trajectory are also presented, showing the
possibility of third-body-driventransfers. The next section focuses
on the plane change maneuvers. It is shown that the numerical com-
putationof such transfersinvolves the choice of precise values of the
longitude of the ascending node relative to the satellite—planet line
2 and the argument of periapsisw, which are obtainedby solvingan
optimization problem over a Poincaré€ section. Then, a first analysis
of their main characteristics is performed, showing, in particular,
that third-body-driven plane changes can be less costly than one-
impulse plane change maneuvers. A discussion on the limitations
and extensions of these third-body-driven plane changes is finally
given.

Third-Body-Driven Transfers and Dynamics
in the Hill Model

Classically, the design of orbit transfersis based on the two-body
problemfor the underlyingdynamics. In this model, the trajectory of
a spacecraftis entirely determinedby its five orbital elements, semi-
major axis a, eccentricity e, inclinationi, longitude of the ascending
node €2, and argument of periapsis w until the next maneuver. In this
situation, relations between two points on a given orbit are readily
obtained, and the problem of determining a transfer can be viewed
as a geometrical problem of the intersection of conics together with
an optimization over all possible impulsive maneuvers. In particu-
lar, there is no distinction between the dynamics on the initial, final,
and transfer orbits. The time appears as a secondary variable (pos-
sibly as a cost function) in the sense that, if a transfer is possible
at time ¢, it is also possible at time #, 4+ T, where T represents the
period of motion on the initial orbit. Also, the absolute position
of the initial and final orbits relative to a given inertial frame are
not generally taken into accountin the formulation of the problem,
only the relative orientation of the initial orbit with respect to the
final one is important. A typical example of transferis given by the
bielliptic plane change (or restricted three-impulse plane change®),
where a spacecraft starts in an initial low-altitude, circular orbit,
a first maneuver transfers it to an ellipse where a second maneu-
ver is performed at apoapsis, changing its orbital plane, and a final
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Fig. 2 Geometry of third-body-driven plane changes.

maneuver at the next periapsis retransfers the spacecraft to a low-
altitude, circular orbit (Fig. 1).

When perturbations occur, however, this state of affairs changes.
Orbital elements are now a function of time, and there may be no
definite analytical relationshipbetween two points on a given orbit.
The situation is not so bad for small perturbations where averaging
theory gives a good approximation of the secular changes of the
orbital elements over one orbit. Because, by assumption, these per-
turbations are small, variations over one orbit remain small, and the
two-body approximationretains its value and gives useful estimates
of the AV required for a given maneuver. This is, for example, the
case for orbiters moving in a J, perturbed gravitationalfield. More-
over, in this case, the perturbations decrease as the apoapsis of the
transfer orbit is raised, which again justifies the two-body assump-
tion. Still, even in this slightly perturbed environment, w and 2 are
shifted during each orbit, and the absolute orientation of the initial
and final orbit at a given epoch enters into the problem.

As opposed to the J, perturbations, third-body forces become
more prominent as one gets farther from the attracting body. Dy-
namics close to the satellite and on the transfer orbits now have very
different characteristics, and the orientation of the initial and final
orbits (or, equivalently, the timing of the maneuvers)is of prime im-
portance. More precisely, when it is assumed that a spacecraftis in a
low-altitude, circularorbitand thata AV maneuveris performedto
place the spacecraftonto an eccentric orbit, performing the maneu-
ver at time £, or fop + T may result in an impact or escape from the
satellite before the spacecraft has reached the next periapsis* The
initial value of w and Q now control, in some way, the changes that
occur during a transfer orbit, and a careful choice of these variables
allows us to use the third forces to generate the plane change without
any cost (Fig. 2).

After presenting the model used to characterize the third-body
effects in the next subsection, the assumptions and dynamics that
make such transfers possible are presented.

Table 1 Physical parameters for Mercury, Earth, Europa,
Titan, and Triton’

Primary body Lengthscale,  Timescale, = Normalized
(perturbing body) km h radius
Mercury (sun) 318,272 336.00 0.007
Earth (sun) 2,158,322 1,395.09 0.0029
Europa (Jupiter) 19,692 13.56 0.079
Titan (Saturn) 1,214 5.39 0.199
Triton (Neptune) 38,406 22.44 0.045

‘ féii"e‘tary satellite
(Planet) "o

Fig. 3 Geometry of the Hill problem.

Hill Model

This model was first derived by Hill> to explain the motion of
the moon around the Earth and is a useful model to characterize the
motion of two close masses perturbed by a larger, massive object. In
particular, this model describes the dynamics of a spacecraftin the
environmentof a planetary satellite, or even in a large orbit about a
planet.

This model is given by the following set of differential equations:

¥ —2Ny = —(u/r’)x +3N%*x 1)
§ 42Nkt = —(u/r)y 2)
2= —(u/r)z— Nz 3)

where (x, y, z) are the Cartesian coordinates of a rotating frame
(Fig. 3), r = \/(x® + y* + z?) is the magnitude of the radius vector,
N is the angular velocity of the satellite (planet) around the planet
(sun), and p is its gravitational parameter.

These equations can be made nondimensional and parameter-
less by setting the length and timescales to be I = (u/N?)'/* and
t =1/N, respectively. The resulting equations are obtained by set-
ting u =1 and N =1 in the preceding set of equations. Therefore,
all of the analysis performed on the nondimensional system can be
scaled to any physical system by setting the proper length scale and
timescale. This feature makes the Hill model an attractive dynamic
model for preliminary studies, and all of the computationspresented
in this paper are performed in this normalized setting. Table 1 gives
the length and timescales of a few planetary satellites of the solar
system and of Mercury and the Earth (as perturbed by the sun) (see
Ref. 7).

Dynamics Close to the Primary

Note that/ and 7 give the length scale and timescale at which the
non-Keplerian phenomena of the dynamics become important. For
instance, the libration points L, and L, are situated on the x axis
at a distance of (%)‘/31 ~(0.69] from the center of mass, and 27t
is the period of motion of the satellite (planet) around the massive
planet (sun). This shows that for small values of radius and short
timescales (as compared to / and t), the dynamics become close
to Keplerian and the motion is only slightly disturbed. This is in
accordance with our physical intuition of a tightly bound trajectory
or the notion of a sphere of influence in interplanetary trajectories.
(The disturbing planet is far away and its gravitational pull is small
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when compared to the primary.) Note also that for N =0 the Hill
model reduces to the two-body problem.

In such a realm of motion, third-body perturbations can be av-
eraged over as has been done by Scheeres et al.! More precisely,
a double time averaging has been performed because one order
of magnitude appears between the mean motion of the spacecraft
around the satellite and the mean motion of the satellite around the
planet, when the motion is considered for low-altitude, nearly cir-
cular orbits of normalized radius less than 0.215. The results of the
analysis show that, even though the third-body perturbations are
small, they can generate instabilities that can cause a spacecraft to
impactthe surface of the satellite after a few weeks or months for the
case of Europa. These instabilities appear only for certain ranges of
the inclination (near polar orbits, 39.23 <i < 140.77 deg) and are
characterized by an exponential growth of the eccentricity. How-
ever, the timescale for such an exponential growth is large when
compared to the orbital motion of the spacecraftand is an order of
magnitude larger than the period of Europa about the planet. The
semimajor axis and inclination remain constant on average (at first
order in e), which means that, starting from an initial quasi-circular
orbit of eccentricity 0.001, the eccentricity will be less than 0.01
for a number of revolutions of Europa around the planet. In other
words, with regard to orbital transfer maneuvers, one can assume
that a spacecraft is in a low-altitude, circular orbit with a precess-
ing ascendingnode relative to the satellite—planet (planet—sun) line.
That is, Q =Q, — Nt and M = M, + nt, where Q and M are the
longitudeofthe ascendingnoderelativeto the x axis (rotatingframe)
and the mean anomaly, respectively. The quantity n = /(u/r) is
the mean motion of the spacecraft on the circular orbit of radius
ro. Hence, the trajectory of a spacecraft on a low-altitude, circular
orbit can be pictured as a line wrapping on the (M, ©)-torus space
(Fig. 4).

Table 2 gives some characteristics of these instabilities (based
on the results obtained by Scheeres et al.!) for the few celestial
bodies in Table 1, together with a bound on the positioning error
for w and Q for a time span of one satellite period. More precisely,
the characteristic instability time 7y represents the inverse of the
exponentialcharacteristicof the eccentricity growth [e(?) 2 exp(At)
and tg =1/A] for a polar orbit. The eccentricity will grow by an
order of magnitude after €(10) >~2.302, ..., characteristic times.
Finally, whenitis assumed that the mean motion of the spacecraftis
n and the mean motion of the primary is NV, the simple rotation of the
frame implies that, given some nominal value 2, of the longitude
of the ascending node, the spacecraft can reach any value of mean
anomaly within one revolution around the primary and a shift in
2 by £180 N/n (positioning error on 2). Note that this positional
accuracy will improve orbit after orbit.

Table 2 Parameters for the dynamics close to Mercury, Earth,
Europa, Titan, and Triton'

Characteristic Mean motion Positioning error

Primary instability time g ratio, N/n on 2, deg
Mercury >30 years 0.00067 0.12
Earth >500 years 0.00016 0.029
Europa 13.66 days 0.0225 4.05
Titan 220.28 days 0.00627 1.12
Triton 31.20 days 0.0163 2.93

Fig. 4 Representation of the motion on a low-altitude, circular orbit.

Outside this instability region, the eccentricity is shown to os-
cillate around its initial value and, once again, one can assume the
spacecraft to be in a circular orbit over a number of orbits. These
assumptions are by no means necessary for the practical application
of the transfers described later, but ease the understanding of the
geometry of the maneuver and the comparisons to be made.

Orbital Dynamics

As mentioned earlier, the idea of our third-body-driventransfers
is to place the spacecraft into a highly eccentric transfer trajectory
(to raise the apoapsis radius) so that the large third-body forces can
perform plane change maneuvers without any AV costs at apoap-
sis. This implies that the spacecraft will start from one periapsis
and follow the transfer trajectory to the next periapsis (Fig. 2). Such
motion is then fully characterized by the change in orbital elements
from one periapsis to the next one. These orbital dynamics are, in
spirit, the same as a Poincaré section used to investigate the dynam-
ics close to a periodic orbit. Here, the sections are defined by the
periapsis condition7 =0 and i > 0.

These conditions define a five-dimensionalmanifold in the phase
spaceofthe systemthatis transversalto the flow for periapsissmaller
than 0.2 in the Hill problem (which contains the domain of phase
space in which we are interested: low-altitude, initial and final cir-
cular orbits).

The initial phase space is furthermorerestricted by assuming that
the spacecraftis in an initially circular orbit with a given semima-
jor axis and inclination and that the AV of the first maneuver is
fixed (or, equivalently, that the apoapsis radius of the transfer tra-
jectory is fixed at periapsis). The only remaining variables are then
the argument of periapsis and the longitude of the ascending node,
parameterizing the surface of a torus.

The flow can then be integratednumerically to obtain a map of the
dynamics from one periapsis to the next. Figure 5 gives an example
of such a computation showing the change in periapsis radius Ar,
and inclination Ai over oneiteration of the map. Note that the values
of w and 2 at the next crossing are different from the initial values
in general.

These contour plots strongly indicate a symmetry in @ and .
This is indeed the case, and one can check that the Hill equations
of motion are invariant under several transformations, generated by
three independent symmetries Sy, S,, and S;. If (x, y,z,X,y, 2, 1)
denotes a solution of the equations of motion, then the trajectories
obtained by applying the following transformations are also valid
solutions:

L. N . . .
(X, 9,2,%, 9, 2,1) —> (—=x,y,2,%, —y, =%, —t)
L. S .. .
(x,y,z,x,y,2,t) — (x,=y,z,—X,y,—2, —1)

L. S .. .
(X, y,2,%, 9, 5,1) —> (X, y,—z2,%, y, =4, 1)

The composition of these three symmetries yield other symme-
tries; notably the composition of Egs. (1) and (2) yields

L. S. . .
(X, Y,2,%, 9, 2,1) —> (=X, =y, z, =%, =y, £,1)

This last symmetry corresponds to a symmetry about the origin
in the (x, y) plane, which is equivalentto a symmetry of motion for
shifts in w of the form w +mm, m =0, &1, .... Also the S3 sym-
metry [reflection aboutthe (x, y) plane]is equivalentto a symmetry
in  of the form Q@ — Q4+ mm.

Therefore, all of the dynamics of the transfer trajectories can
be represented on the region [0, 180] x [0, 180] deg of the (w, 2)
space.

Another interesting feature of Fig. 5 is the presence of zero lines.
That is, there exist some values of argument of periapsis and longi-
tude of the ascending node for which the change of periapsis radius
from one periapsis to the next one is zero. This is precisely one of
the ingredients needed for the case of a plane change transfer.

As apoapsisis raised, thatis, the initial AV is incremented, third-
body perturbations become stronger and can cause the spacecraft



VILLAC AND SCHEERES 753

5 360

Q (deg)
135
" 90
\ 45
R B i A by I‘ 0
0 45 90 135 180 225 270 315 360
o (deg)
a)
360
315
270
225
180 Q (deg)
1 90
0 45 90 135 180 225 270 315 360
o (deg)
b)
Fig. 5 Contour plots for Ar, and Ai with r, =0.08,r, =0.4,and i =
90 deg; a) change in periapsis radius: - - - -, Ar, = 0.03; sssx, Ar,, =
0.01; - -+, Arp = 05 -e=e- , Arp, = —0.01; and -s-s-x, Ar, = —0.03 and
b) change in inclination, degree: - - - -, Ai = 105000, Ai = 55 ...,

Al =05 -=em- , Ai = —5;and -s--s, Ai = —15.

to escape from the planetary satellite (planet). Figure 6 shows two
examples of such contour plots with escape regions. Notice that
the topology of the zero curves has changed. There is now only
one zero curve, and it does not fill the whole € space. This means
that there are some time spans over which no transfer maneuvers
can be performed, whatever the value of w. However, the Ar, =0
lines still cross the axes w =0 deg and Q2 =20 deg transversally.
The point (w =0, 2 =20 deg) represents the approximate values
of the argument of periapsis and longitude of the ascending node
of the periapsis of the stable manifold associated with the libration
point L; and correspondsto the center of sets of periapsis of escap-
ing trajectories (see Villac and Scheeres®). Neighborhoods of these
sets present strong variations in Ar,, and one can think of the lines
=0 deg and Q =20 deg as representing two principal directions
along which variations in orbital elements are stronger. As a conse-
quence, one can expect that the Ar, =0 lines will meet one or the
other axis at some point.

Also observe that, as the inclination changes from 0 to 180 deg,
the orbital element changes over one orbit get larger around 90 deg
and, at the same time, the homotopy type of the zero curves
changes. These transitions reflect that, for i =0 deg, the dynam-
ics depend solely on w+ 2, whereas at i =180 deg they only
depend on w — 2. This corresponds to a rotation by 90 deg of
the overall features of the contour plots and, notably, of the zero
lines.

% T A \x‘“ 1 80
3 -1 135
r 190 Q
: (deg)
a)
_.;._.,_—;r"'f’ S I e 180
r e ) 135
3 1 90 Q
(deg)

£

J i 1 1
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 (deg)

b)
Fig. 6 Contour plots for Ar, and Ai with r, =0.08,r, =0.6, and i =
90 deg where contours with value +1e05 delineate the escape regions;
a) change in periapsis radius: - - - -, Ar, =1le + 0550020 , Ar, =015 - - -,
Arp, =0; and ------ , Ar, = —0.05 and b) change in inclination, degree:
----, Ai=1e+05;0us, Ai =45;-..-, Ai=0; and ------ , Ai = —50.

Finally, one can see in Fig. 6 that the values of w and Q have
a very strong influence on the dynamics of the transfer orbits, as
was already noticed* A change by a few tens of degrees in one of
these variables can lead to an escape or impact, all other elements
remaining equal.

Third-Body-Driven Plane Changes

In the preceding section, we have shown that third-body pertur-
bations can produce large changes in orbital elements over a single
orbit and that these forces can be “controlled” by choosing w and
Q of the transfer orbit. In this section, we specialize the analysis
to plane change maneuvers where the criterion to be met is a zero
changein periapsisradius while achievinga maximum plane change
over a single transfer trajectory. Inspection of the Fig. 5 and 6 con-
tour plots indicates the possibility of such transfers in conjunction
with large changes in inclination.

After briefly reviewing the geometry of the plane change maneu-
vers analyzed in this paper, a numerical exploration of the possibil-
ities of such transfers is discussed. Maximum plane changes as a
function of apoapsisradius are obtained by solving an optimization
problem under the constraint Ar, =0, and comparisons with the
classical one-impulse maneuvers are given.

Geometry of the Transfers
As noted in the Introduction, the third-body-drivenplane changes
considered are analogous to bielliptic plane changes, with the



754 VILLAC AND SCHEERES

180 ——
160 .

1401

Initial epoch

Spacecraft motion
on the
initial circular orbit

%20 40 60 80 100 120 140 160 180
o (deg)

Fig. 7 Timing of the first burn.

apoapsis maneuver replaced by the “cost free” action of the third-
body perturbations.More precisely,considera spacecraftinitiallyin
alow-altitude,circularorbit. A first tangential burn places the space-
craft into a highly eccentric orbit. This first maneuver determines
the elements of the transfer trajectory at periapsis. In particular, the
argument of periapsis and the longitude of the ascending node are
directly determinedby the time at which the maneuveris performed.
One can view the spacecraft moving on its initial circular orbit as
describing a line (parameterized by time) on the (w, €2)-torus space
of the Figs. 5 and 6 contour plots. The value of w and €2 at a point of
this line would correspond to the value of the argument of periapsis
and longitude of the ascending node of the transfer trajectory if the
maneuver were performed at that point (2 being measured with re-
spect to the x-axis that is, the planet-satellite or sun—planet line, at
the time of the maneuver). That is, on the initial circular orbit, one
makes the association M ~nt <> w and Q ~ —Nt < Q. Figure 7
illustrates such an association. The Ar, =0 lines are represented
together with the trajectory of the spacecraft on the initial circular
orbit as viewed in the (w, Q2)-torus space. The burn of the first ma-
neuver is performed when the targeted values of w and €2 are met.
As noticed earlier (“Dynamics Close to the Primary” subsection),
proper timing of the maneuver allows us to choose these values with
a fair accuracy.

After this first maneuver, the third-body forces cause changes in
the orbital elements as the spacecraft completes one orbit. At the
next periapsis,a plane change has occurred while the careful choice
of w and 2 ensured that no net change in periapsis radius occurred.
A secondtangential maneuveris then used to place the spacecraftin
its final, low-altitude circular orbit (Fig. 2). Because of changes in
semimajor axis and eccentricity during the transfer, the magnitude
of this recircularizingburn is not, in general, equal to the magnitude
of the first maneuver.

Figure 8 presents a series of numerically integrated transfer tra-
jectories for plane changes ranging from —40 to —60 deg in the
case of an Europa orbiter. It is clearly seen that the initial values
of Q vary as the desired value of the inclination change is varied.
This is to be expected because w and 2 are used as control vari-
ables, and their values are fixed by the amount of plane change to
be performed. Moreover, their values at the next periapsis are also
fixed, which shows the lack of direct control of the longitude of the
ascending node on the final orbit. However, because €2 precessesin
this environment, phasing methods can be used to achieve specific
values of 2 at a given epoch.

Numerical Solution for Maximum and Minimum Plane Change
The preceding discussion shows that third-body-driven plane
changes can be computed by solving an optimization problem over

02 0 0.2

Fig. 8 Series of third-body-driven plane changes for the Europa case,
r, =0.08,i = 90 deg, with plane changes range from —40 to —60.

the Poincaré sections defined by the periapsis conditions. More pre-
cisely, the values of @ and 2 that yield a desired plane change are
computed by solving the maximum and minimum values of plane
change realizable for a given value of initial inclination, periapsis,
and apoapsis radii, that is, AV. That is, we solve the following
nonconvex optimization problem:

(0, 2) = argma}zx{Ai(w,mlArp(wym = O} 4)

respectively, arg min{Ai|Ar, = 0} for the minimum plane change.
Even though this problem can a priori be solved by standard opti-
mization algorithms, the numerical procedure used here consists of
first searchingthe Ar, zerolines on the torus [0, 180] x [0, 180] deg
and then looking for the maximum plane change on these zero lines.
This method has the advantage of not necessitating an initial guess
while allowing us to keep track of the zero lines.

The search for the Ar, =0 lines is performed by first searching
the crossings of the lines with the axes @ = 0 deg and Q = 20 deg
and then tracking the zero lines from these points. As explainedin
the subsection “Orbital Dynamics,” the choice of these search axes
has been determined using both physical reasoning and numerical
explorationof several contourplots (such as the ones givenin Figs. 5
and 6). It is assumed that the number of crossings on one axis does
not exceed 10, but in all of the cases considered, a maximum of 4
crossings and a minimum of 2 has been found. The search for the
crossings is performed by setting a uniform grid on each axis and
looking for a change of sign between two consecutive nodes. The
stepsize used is 0.1 deg, so that two different zero lines are assumed
to be separated by at least such a value. This also implies that the
escape regions must not lie within 0.1 deg of a zero line.

Note that these assumptions do not allow us to conclude that the
extrema found are global, but it avoids a blind search of the entire
(w, 2) space. (We may miss a zero line.) Also, when such a global
search has been performed, the results obtained agreed with the
results returned by the preceding algorithm.

After this first search, the zero lines are tracked by moving, step
by step, along the tangent of these zero lines. [The tangent vector
to a zero line is given by (dAr, /92, —0Ar,/dw). These partial
derivatives can be either computed by a finite difference scheme or
by computing the state transition matrix of the Hill problem and
transforming the results into orbital elements.] Again it is assumed
thatno escaperegion lies within 5.7 x 1073 deg of these lines, which
has always been the case in the domain of phase space considered.
However, for large enough apoapsisradius, this may not be the case,
and the neighborhoods of the escape regions present very strong
variations in orbital elements that cannot be computed with the
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Fig. 9 Ar, =0 lines for r, =0.08,r, = 0.6, and i = 90 deg.

preceding assumptions. The maximum step size used to perform
this tracking is 1 deg, and a search for the maximum and minimum
Ai is then performed over all of these points. This means that the
determinationof the global maximum of plane change is performed
to within this limit.

Once the maximum (or minimum) has been found, the accuracy
is improved up to 5.7 x 10~% deg, that is, the positional accuracy
of the local maximum is 5.7 x 10~° deg. Note that all integrations
performed use a Runge-Kutta—Felhberg integrator of order 7-8,
with an accuracy of 107'° (per step).

Figure 9 gives an example of such a computation where the zero
lines have been computed for the same initial values as in Fig. 6. The
positionof the maximum and minimum of plane changeis indicated.

Finally, note that the dynamics considered here are smooth (or, at
least, continuous), so that when the maximum and minimum plane
changes are located on the same Ar, zero line, all values of plane
change between these two extrema are possible. For the case in
Fig. 9, we see that plane changes between 439 and —60 deg are
possible by timing the initial impulsive maneuver. For other cases,
such as +=180-deg plane changes indicated in the next subsection,
the maximum and minimum plane changes are located on two dif-
ferent, separated zero lines, and not all of the values of plane change
between these extrema are realizable.

Variations with Initial Elements

Once this computation has been performed for a given set of
values of periapsis radius, apoapsis radius, and inclination, the al-
gorithm is repeated to cover a wide range of cases. Figures 10—
14 give the results of such computations when the initial inclina-
tion, apoapsis radius, and periapsis radius, respectively, are varied.
Figures 10—14 each have been computed with at least 90 points for
the independent variable.

Variations with Initial Inclination

Two distinct behaviors of the variations of the minimum plane
change are obtained when inclination varies, accordingto the initial
values of periapsis radius 7, and apoapsis radius r,.

For the lower values of apoapsisradius (at fixed ), the minimum
and maximum plane changes obtained for the inclinations of 0 and
180degare zero. In this case, the changesin orbitalelementsbecome
larger around an inclination of 90 deg, as can be seen in Fig. 10 for
the change in inclination.

For higher values of apoapsis radius (or lower values of periapsis
radius with fixed r,,), a bifurcationoccurs, so that, at the inclinations
of 0 and 180 deg, a maximum and minimum plane change of 180
and —180 deg, respectively, are obtained, as can be seen in Fig. 11
and 12. [Only planechangesof —180 deg are possible with the initial
conditionschosen for Fig. 11. Plane changesof 180 deg are possible
for higher apoapsis radii, for example, r, = 0.8, but some zero lines
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cannot be computed at such a high value of r, with the present
program.] Note that this result is consistent with the invariance of
the (x, y) planein the Hill model. A plane change of =180 deg at an
inclination of 0 or 180 deg corresponds, indeed, to a change in the
direction of motion relative to the primary (change from retrograde
toprogradeorbitor vice versa) and does notinvolveany z component
of the velocity vector. The motion remains planar during such a
transfer.

Figures 10-12 also show that the bifurcations for positive and
negative plane changes do not necessarily occur for the same val-
ues of periapsis and apoapsisradii. The few numerical explorations
performed suggest that the bifurcation for negative plane changes
occurs at lower values of apoapsis radius than that for positive plane
changes.In fact, as clearly appearsin Figs. 10-14, the dynamics are
not symmetric for positive and negative plane changes, even though
there are some similarities. It seems that, at any value of r, and r,,,
the overall maximum plane change realizable,that is, over all initial
inclinations, is less than the overall negative plane change possible
(in absolute value).

In the rest of this subsection, an inclination of 90 deg has been
assumed as a representative initial inclination for the study of the

variationsof plane change with apoapsisradius and periapsisradius.
Such aninclinationcorresponds,indeed, to the mean inclinationover
the unstable region for planetary satellite orbiters (see subsection
“Dynamics Close to the Primary”) and gives a good representation
of the dynamics considered.

Variations with Initial Apoapsis Radius

As theinitial apoapsisradiusis raised, the plane changes obtained
become larger, as expected (Fig. 13). Here again, the dynamics are
not symmetric for the maximum and minimum plane changes; pos-
itive plane changes remain smaller than the negative plane changes.
However, in both cases, large plane changes can be obtained,
and for initial apoapsis radius larger than 0.7 (with r, =0.08 and
i =90 deg), both positive and negative plane changes allow us to
transferan unstable polarorbiterback to a stableregion over a single
transfer trajectory. For such values of apoapsis radius, both positive
and negative plane changes are, indeed, larger than 50 deg.

Variations with Initial Periapsis Radius

At fixed apoapsisradius, a decrease in the initial periapsis radius
results in the amplification of the third-body effects. As a conse-
quence, larger plane changes can be obtained, as shown in Fig. 14
Note that, even though the Hill problem has a similarity property,
thatis, it can be made nondimensionalso that each system modeled
by the Hill equations of motion can be mapped into one anotherby a
simple scaling, itis not true that the dynamics are similar at different
values of the normalized radius. In particular, an increasein r, with
a fixed ratio r,/r, does not mean that the plane changes realizable
are the same. For instance, at r, = 0.08 and r, = 0.4, the minimum
plane change is smaller (in absolute value) than —20 deg, whereas
for r, =0.1 and r, = 0.5, the minimum plane change achievable is
larger than —40 deg. That is, as the periapsis radius increases with
fixed r,/r, ratio, the extrema of plane change achievable increase.
These dynamics are also not linear in the sense that they do not
depend solely on the difference between r, and r,, as can be easily
checked in Figs. 13 and 14.

Finally, notice that third-body-drivenplane changes of more than
60 deg (both positive and negative) are possible, hence, realizing
inclinationchange values that would classically be performed using
parabolic transfers.

Comparison with Classical Transfers and Optimality
Comparison Scales

Classical results® on plane change maneuvers indicate that the
general three-impulse plane change maneuvers, that is, bielliptic
transfers, as shown in Fig. 1, with additional small plane changes
performed at the first and third burns) are always optimal over one-
impulse and restricted bielliptic plane changes.

However, this transferinvolvesraising the apoapsisradius and, as
was noted in the Introduction, this cannot be done in strongly per-
turbed environments without taking into account the perturbations.
Therefore, only the one impulse classic result is still applicable in
such environments and, hence, represents the only classic approach
to be compared to third-body driven plane changes. The AV cost
required to perform such a maneuver is given by

AV, =2V, sin(Ai/2) (5)

where V. =./(1/r) is the local circular speed at the time of the
maneuver.

Note that this cost decreases as we get farther from the attracting
body and that classically, restricted bielliptic transfers become less
costly for changesin inclination Ai greater than ~39 deg. For plane
changeslargerthan 60 deg, the optimal classic approach (even when
compared to the full three-impulse plane change maneuvers) is to
perform a parabolic plane change maneuver, that is, a bielliptic
transfer with the apoapsis radius raised to infinity. In such a case,
the total AV is given by

AV =2V, [vV2-1] 6)

Even if these transfers are not applicablein the environmentcon-
sidered, a few comparisons with these transfers are given in the text
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to give an idea of the costs for performing large plane changes in
third-body-perturbed environments. Parabolic transfers can indeed
be consideredas a standard scale to estimate the costs of large plane
change maneuvers in preliminary mission analyses.

Note that this scale always correspondsto an overestimate of the
costs for performing large plane changes in third-body-perturbed
environments. Indeed, parabolic transfers involve the same number
of burns as the third-body-drivenplane change maneuvers, but their
magnitude is always larger than in the third-body-drivencase.

Numerical Results

The AV comparisons between the one impulse maneuver
[Eq. (5)] and third-body-drivenplane changes consideredin this pa-
per are givenin Figs. 10-14. The tags shownin Figs. 10-14 indicate
some values of the savings obtained when using third-body-driven
plane changes. In particular, it is seen that savings larger than 25%
are obtained for large plane change maneuvers (~60 deg).

The critical points also indicated in Figs. 10—14 show the values
of the initial elements and plane change for which the transition of
optimality between one impulse maneuvers and third-body-driven
planechangesoccurs. Thatis, for inclinationchanges larger than the
critical values, third-body-drivenplane changes are less costly than
one-impulse maneuvers. These critical plane change values depend
on the initial conditionsof the low-altitude, circularorbit (r,, r,, and
i) and seem to increase (in absolute value) as the periapsis radius
decreases. For periapsis on the order of the normalized radius of
Europa, the critical values for optimality lie close to 38 deg.

As expected, for plane changes larger than 60 deg, third-body-
driven maneuvers are less costly than the classic scale of parabolic
plane changes. The costs are lower by ~5-10% in the case of Fig. 14
and more than 15% in the case of Fig. 13. Also, notethe largesavings
made for the case of change of direction of motion (plane changes
of —180 deg), as shown in Figs. 11 and 12. In this case, savings
of more than 15% are obtained when compared to the parabolic
transfers and more than 70% as compared to one-impulse plane
changes.In addition,such transfers have the advantage of remaining
bounded, and in particular, the transfer time is much smaller than in
the parabolic case.

All of these results show that the classical optimality of biellip-
tic transfers over one-impulse maneuvers for plane changes larger
than 39 deg has an analog in the case of third-body-perturbal envi-
ronments, where bielliptic transfers are replaced by the third-body-
driven plane changes defined here. This situation is, however, more
complex than in the classical case because at any given initial con-
ditions, the range of third-body-drivenplane changes realizable is
restricted. For example, the equatorial plane is invariant under the
flow of the Hill equations, and the only plane changes possible are
0 or £180 deg. One cannot transfer a spacecraftfrom the equatorial
plane to a polar orbit using only the natural dynamics, whereas it is
perfectly possible to do this using a one-impulse maneuver. Further
work will aim at characterizing the limits of optimality more fully.

Limitations and Extensions

The preceding limitation of only using the natural dynamics to
perform the plane change could be removed by performing plane
changes at the first and last burn. With the addition of an apoapsis
maneuver, these transfers would generalize the classic full three-
impulse plane change to the case of third-body-perturbedenviron-
ments, improving the savings obtained here. This approach would
unconditionally improve on the classical results. The analysis be-
comes much more involved, however, as the number of degrees of
freedom increase.

Also, because the third-body-driven maneuvers involve raising
the apoapsis radius to a significant distance from the central body,
these transfers are not the cheapest solution when other celestial
bodiesare within these distanceranges. Flybys representyet another
use of the naturaldynamicenvironmentto reduce effectively the cost
for performingorbital elements changes. This is the case in the Earth
environment, where the moon can be used to perform large plane
change maneuvers.

Finally, note that the results presented here can be modified to
match the more general case of radius and plane change maneuvers.

Instead of computing the zero lines of Ar,, one has to compute
the lines Ar, = «, where o represents the amount of desired radius
change. Thoughlargersavings may be possiblein such cases, the or-
der of magnitude of the savingsobtained for the case Ar, =0 should
be attainablebecausethese zero lines correspondto a change of sign
of the function Ar,(w, ), so that performing the first maneuver a
little ahead or after the values consideredhere should yield a positive
or negative net change in periapsis radius while keeping the values
of plane change realized with the zero periapsis change. This may
be of interest for safety issues, where a decrease in periapsis radius
is generally not desirable.

Conclusions

A new class of plane change maneuvers in environments per-
turbed by a third body has been presented. The use of the natural
third-body forces allowed us to reduce the costs of plane change
maneuvers by performing the desired plane change without using
an impulsivemaneuverduring the transfer orbit. These new types of
transfers (third-body-drivenplane changes) are based on the idea of
the classic bielliptic plane change with the apoapsis maneuver sup-
pressed, resulting in a two-impulse plane change maneuver. Their
implementationonly involvestiming of the first burnto approximate
optimal values for the longitude of the ascending node (relative to
the sun—planet line) and the argument of periapsis of the transfer
ellipse. A numerical approach has been proposed to compute these
optimal values.

It has been shown that the new plane change maneuvers can be
less costly than one-impulse maneuvers and can represent a sim-
ple way of reducing the cost of plane change maneuvers when no
flybys are possible. Savings on the order of 25% as compared with
one-impulse maneuvers are obtained for plane changes of ~60 deg,
and the possibility of a reversal of the direction of motion (plane
changes of £180 deg) has been shown to exist using such an ap-
proach. Savings of more than 15% when compared to the classic
results on parabolic transfers and 70% when compared one-impulse
maneuvers are realized in these cases.

Larger savings should be possible by considering a combination
of both the classicalmethods and the approachoutlinedin this paper,
that is, a strategy using the third-body forces and performing plane
change maneuvers at each burn. Further investigationsof the topol-
ogy of the changein orbital elements over one- and-one-half orbits,
however, seem necessary to be able to evaluate such an approach.
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